PACS. 05.45+b -Theory and models of chaotic systems. PACS. 47.20Ky -Nonlinearity (including bifurcation theory).
Ring geometries have been used extensively in the modeling of many chemical and biological systems since the seminal work of Turing [1] , who analyzed rings of cells as models of morphogenesis. Pattern formation can be shown to occur through a linear instability in the homogeneous steady state in the case that the scales of diffusion of the two species are different. The resulting Turing patterns, that have been studied experimentally only quite recently [2] , [3] , can be characterized regarding issues like pattern and wave selection. Rings are also relevant in many biochemical and physiological systems problems, as in the context of neural-network theory [4] , and also in other physiological problems [5] . Some theoretical and numerical approaches to the behavior of these systems are those of ref. [6] , [7] .
The aim of the present work is to study rings of chaotic oscillators linked unidirectionally through driving connections in such a form that a single couple of elements yields chaotic synchronization. In particular, the ring will be set up in each case by using the synchronization method through driving recently introduced in ref. [8] as a modification of the Pecora-Carroll method [9] . We shall illustrate it with the case of a ring of N Chua's circuits, already considered in recent experimental studies [10] - [12] ,
with x j = x j−1 , and where it is understood that x 1 = x N such that a ring is defined. The nonlinear characteristic of Chua's circuit is defined in the form [13] f
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The behavior of the ring can be analyzed in a convenient form by performing a linear stability analysis of the oscillators in the ring starting from the uniform synchronized state. Thus, if one considers a ring with N oscillators of dimension m the linear analysis of small perturbations will yield [14] 
for the differences between the variables of contiguous oscillators δx, and where the Jacobian matrix H of dimension (N m) × (N m) has N blocks of dimension m × m, that have the same form as the linearized matrix for a single driven oscillator, obtained by setting to zero the entry corresponding to the connection [8] , and a number of off-block-diagonal terms arising from coupling. The most convenient form of analyzing such a setting is through the use of the Discrete Fourier Transform, due to the circulant structure of the matrix H [1], [14] . What one obtains is that the original problem (3) becomes uncoupled in terms of the Fourier transform η of the differences δx as follows (see, e.g., eq. (9) in ref. [14] ):
where C is the Fourier transform of H, and the C (k) matrices take the form,
being η the Fourier transform of δx, e k = exp[i 2π k/N] and k = 0, . . . , (N − 1) the Fourier modes.
The k = 0 Fourier mode represents the uniform chaotic synchronized state of the ring, and the stability of this state can be characterized by analyzing the transverse spectrum, corresponding to Fourier modes with k = 0. As the system (1)- (2) is nonlinear, the C (k) matrices have nonconstant, chaotically varying coefficients, namely f (x). Thus, the stability is more conveniently analyzed through the corresponding Lyapunov exponents calculated from the C (k) matrices (5), yielding the transverse Lyapunov spectrum (TLS) [14] . The uniform mode k = 0 will be stable whenever this spectrum is negative. The instability will arise in the moment in which some transverse Lyapunov exponent becomes positive. Instead of determining the transverse Lyapunov exponent for each couple (k, N ), a more practical procedure is to define the reduced wave number q = k/N as a continuous variable in the range [0, 1]. The highest Lyapunov exponent λ(q) as a function of q may allow one to characterize the stability of the uniform synchronized state in a convenient way. The function λ(q), obtained by generalizing the procedure of Wolf et al. [15] to allow for a complex vector space due to the presence of the complex quantity e q , is represented for the case of rings of Chua's circuits in fig. 1 .
A first remark is that λ(q) in fig. 1 is symmetric with respect to the line q = 1/2. This can be easily explained taking into account that for a given N the C (k) and C (N −k) are complex conjugate one to each other due to the presence of the term e q , implying the same property for their spectra of eigenvalues. This implies the above-mentioned symmetry property for the real parts of the eigenvalues, and also for their limit when t → ∞, λ(q). Moreover, an important point to notice is that as e 0 = 1 the Lyapunov exponents corresponding to the uniform mode k = q = 0 are identical to those of the isolated (uncoupled) chaotic system. Empirically it is found that λ(q = 1/2) < 0 for all the chaotic systems so far considered (see, e.g., fig. 1 ). This implies that there must exist some value for the number of oscillators in the ring N c for which the uniform synchronized state becomes unstable, i.e. for which the TLS becomes nonnegative.
The fact that an instability must appear in the uniform state of a chaotic system at some critical size can be established by using very general arguments [16] . In our case, this can be proved very easily from the fact that λ(q) must be zero at least once for some value q c , λ(q c ) = 0 (see also fig. 1 ) from the observed continuity in λ(q). The wave number q c signals the instability of the ring, and the lowest possible value of N for which the k = Nq c condition can be fulfilled is for k = 1. As k is an integer variable, this implies that the critical size of the ring N c is defined by the lowest N for which N c q c ≥ 1. In the case of a ring of Chua's oscillators defined by eq. (1), and by using the parameters reported in fig. 1 , q c ≈ 0.21, and this implies N c = 5.
Symmetry also determines the behavior of the ring after the onset of the instability in the following way. We have seen that the eigenvalues of the matrices C (k) and C (N −k) are complex conjugate one to each other. One can consider here two possible situations depending on whether the imaginary part of these eigenvalues is zero or not. Of course, the fact that these matrices have time-dependent (chaotically varying) coefficients implies that one can, at most, determine instantaneous eigenvalues. In the present work we have employed the averaging method introduced in ref. [17] , in which one replaces the instantenous time-dependent coefficients by their average values when t → ∞. The reason is that this method has been found to be useful in yielding qualitative information about the real or complex character of these eigenvalues. The quality of the approximation can be judged by comparing the real part of these eigenvalues with the transverse Lyapunov exponents, as the former quantity is an approximation to the latter.
The important point here is that these eigenvalues are complex, the instability will occur through a Hopf bifurcation, because one will be the complex conjugate of the other. Thus, at the onset of the instability there will be two eigenvalues, say ±ωi that will cross the imaginary axis at the same time. Our calculations show that, indeed, near the instability the modes C (1) and C (N −1) corresponding to a ring of Chua's circuits (5) have complex eigenvalues. The theory of Hopf bifurcations in the presence of symmetry [18] says that after the onset of bifurcation there will be a symmetry breaking in the system, compared to the symmetry of the homogeneous state. In particular, in the case of the Z n symmetry group characteristic of a ring of unidirectionally coupled elements it can be shown [5] that one gets a branch of discrete rotating-wave solutions. Instead, in the case that the imaginary part of these eigenvalues is zero, one should not expect to obtain this rotating-wave behavior, and it can be shown that the instability yields simply chaotic uncorrelated behavior among the different oscillators. This linear analysis gives information about the behavior of the system at the onset of the instability for N ≥ N c , but does not say anything about the fate of these perturbations, that grow as exp[λ(q) t]. In the case that the oscillators are in a steady-state regime the more likely situation is that the system performs a transition to a discrete periodic-rotating-wave solution [7] , as predicted from symmetry arguments [5] . Instead, in our case the oscillators are chaotic and one would expect that the behavior of the ring beyond the onset of linear instability is unpredictable, as any small perturbation will become amplified. Instead, we shall now shows this might be not the case, and that the linear approximation (5) may offer a good description of the behavior of the system, in the sense that these chaotic rotating waves are stable, and that the dynamics of the unstable modes does not dominate the behavior of the ring. Figure 2 shows results corresponding to a ring of N = 4 Chua's oscillators, for which the chaotic synchronized solution is still stable, while fig. 3 presents results for N = N c = 5, the moment at which the uniform synchronized state of the ring becomes unstable, while each individual oscillator remains chaotic. In fig. 1 the TLS corresponding to N = 4 and N = 5 are signaled with full squares and circles, respectively, allowing to see in a pictorial way the transition of the TLS from negative to nonnegative. It can be seen that one actually observes an approximate rotating wave, in the sense that a given oscillator is advanced with respect to the oscillator that is driving it by approximately 1/N of a period, i.e. 1/5 in our case, while analogous results are obtained for the other oscillators.
One problem in the analysis of these results is that the concept of a period cannot be defined in a unique way in the case of a chaotic system, because the distances between peaks themselves vary chaotically, see fig. 3 a) . However, one can define the concept of time shift, that, when optimum, would make the peaks almost coincide. Figure 3 b ) contains the representation of the variables for two contiguous oscillators for times t and t − τ , where τ is the optimum time shift. It can be seen that the peaks are now almost superimposed one to each other, except for the different height of the peaks. Note that the optimum delay τ is very close to 1/5 of the period, as predicted by the theoretical analysis. Regarding the behavior of larger rings, it has been found that the chaotic rotating-wave behavior occurs for rings with N = 5 and N = 6 for the parameters reported in the present work. When N ≥ 7 the ring becomes unstable and the variables of the system explode in an oscillatory fashion.
Thus, the observed behavior is that the system remains confined to a neighborhood of the synchronized state for 5 ≥ N ≥ 6, while the instability dominates the behavior of the system for larger sizes of the ring. The fact that the function f (x) of eq. (2) is not derivable at the breaking points makes it difficult to analyze the behavior of higher corrections to the linear approximation, as the corresponding Taylor analysis is not guaranteed to converge. The only possible explanation that comes to our mind is that for 5 ≥ N ≥ 6 the dynamics of the differences between contiguous variables is forced to remain bounded in the region [−1, 1] by the infinite character of the second derivatives at the breaking points. This makes the chaotic rotating wave stable. Instead, apparently for larger ring sizes higher orders in the expansion make the difference dynamics be no longer confined in this region.
Regarding the dependence of the stability of the ring on the parameters, for (α, β, γ, a, b) = (10, 14.87, 0.06, −1.27, −0.68) one has that rings up to N c = 4 are stable in the chaotic uniform state. By varying γ, while keeping fixed the rest of parameters, it can be seen that this is true when γ ≤ 0.15, while for γ > 0.15 the five-membered ring is stable (N c = 5). One cannot consider too high values for γ, because at some point (γ > 0.20 for the parameters considered in the present work), Chua's circuit is no longer the usual double-scroll attractor. Thus, if one wishes to obtain stable N -membered rings it is necessary to vary any other parameter, such that it changes the highest eigenvalue of C (1) in (5). One would suspect that those in the diagonal will have the highest effect. In particular, a six-membered ring has been stabilized for α = 12 and γ = 0.2 (see fig. 4 ).
In conclusion, we have studied rings of chaotic systems that are connected unidirectionally in such a way that for some low value of the number of oscillators the ring exhibits uniform chaotic synchronized behavior. An instability in this synchronized state arises above some critical number of oscillators N c . It has been shown that beyond this instability the behavior of the system is described by a chaotic rotating wave, such that neighboring oscillators exhibit a phase lag of approximately 1/N of a period (with N the number of oscillators in the ring). This behavior is shown to arise from a symmetric Hopf bifurcation, that is allowed by the symmetry of the coupling, as to each Fourier mode there corresponds another mode whose eigenvalue is the complex conjugate. The fact that the chaotic rotating wave is so close to the predictions of the linear approximation can be understood from the fact that if one takes into account higher-order terms, infinite walls appear such that they confine the difference dynamics to remain in a region enclosed by the breaking points. One could also consider the complicated relationship between contiguous Chua's oscillators in a ring as a kind of generalized synchronization [19] . ***
